A description of the DEPOSIT computer code is presented. The code is intended to calculate total and m-fold electron-loss cross sections (m is the number of ionized electrons) and the energy T (b) deposited to the projectile (positive or negative ion) during a collision with a neutral atom at low and intermediate collision energies as a function of the impact parameter b. The deposited energy is calculated as a 3D-integral over the projectile coordinate space in the classical energy-deposition model. Examples of the calculated deposited energies, ionization probabilities and electron-loss cross sections are given as well as the description of the input and output data. Operating system: Any operating system that can run C++ compiler.
every segment of the logarithmic grid for the radial variable r ∈ [0, ∞] is applied. Clamped cubic spline interpolation is done for the integrand of the T (b).
Bisection method and further parabolic interpolation is applied for the solving of the nonlinear equation for the total cross-section. The Simpson rule for the m-fold crosssection calculation is applied.
Running time: For a given energy, the total and m-fold cross sections are calculated within about 15 minutes on 8-core system. The running time is directly proportional to the number of cores.
Introduction.
Electron loss (also called projectile ionization or stripping) of positive and negative ions, colliding with neutral atoms, is an important collision process playing a key role in many problems of plasma physics [1] - [6] and physics of accelerators [7] - [10] . For example, electron-loss (EL) cross sections are required for estimation of the ion-beam lifetimes and vacuum conditions (residual-gas pressure and concentrations) in accelerators and storage rings, for energy losses of high-temperature plasmas and for heavy-ion beam-probe (HIBP) diagnostics of plasmas in tokamaks and stellarators. General properties of various atomic processes occurring in the collisions of heavy ions with neutral atomic and molecular targets are investigated in detail and presented in various review articles and books [11] - [20] .
At low and intermediate energies, a multiple-electron losses contribution to the EL cross sections can be very large [21] - [23] (up to 50% and more), but with the energy increasing a contribution of multiple EL processes goes down and single-electron losses become dominate. At high and relativistic energies the EL cross sections can be calculated in the relativistic Born approximation [24] - [27] . At low and intermediate energies, the total EL cross sections can be calculated in the classical approximation using the CTMC approach [22] , [28] - [29] (Classical Trajectory Monte Carlo) or the energy-deposition model [30] - [33] .
In the CTMC approach all projectile and target electrons are considered as classical particles described by a system of a few hundred coupled Newton-type first-order differential equations with a few thousand trajectories. The corresponding computer code is quite complicated in use and takes a very long run-time.
The DEPOSIT program was created as an alternative code to the CTMC one and is intended to calculate the energy T (b) deposited as a function of impact parameter b to the projectile (positive or negative ion) during a collision with a neutral atom. The obtained T (b) values are then used for total and m-fold EL cross-section calculations (see Section 3). The code is based on the classical energy-deposition model suggested by N. Bohr [34] and developed later in [35] - [36] for multiple-electron ionization of atoms by positive ions. In the DEPOSIT program, the problem of obtaining the energy deposited to the ions by neutral atoms is reduced to the calculation of a 3D-integral over the ion coordinate space. The code requires much less computer time and provides approximately the same accuracy of the EL cross sections as the CTMC method, i.e. a factor of 2.
In this paper we describe a numerical implementation of the energy-deposition model in the DEPOSIT computer code and give a brief user guide. One important property of the code is that it allows one to simulate electron-loss cross sections for an arbitrary projectile (neutral atom, positive or negative ion) colliding with arbitrary atomic target. The validity conditions of the code are also discussed.
The article is organized as follows. In Section 3 we briefly describe basic ideas and physical points of the developed method. In Section 4 we use these results and explain the numerical implementation of the model. Some basic examples on how to use the DEPOSIT code from the user's point of view are set out in Section 5. Finally, conclusions are given in Section 6. Atomic units are used throughout the paper.
Physical model
The energy T (b) transferred to the projectile ion by a neutral target atom as a function of the impact parameter b is given by a 3D-integral over the projectile coordinate space [33] :
In the sum index γ labels principal n and orbital l quantum numbers of atomic shell, γ = nl. The summation is over all occupied shells of the projectile ion.
In the DEPOSIT code, the projectile electron density ρ γ (r) for the γ-shell is presented by the nodeless Slater wave function
and normalized to the total number of the projectile electrons
Here Γ(x) is the Gamma function, β and µ are Slater parameters [37] , [38] .
In the classical approximation the kinetic energy, deposited to the shell γ by the target atom can be expressed in the form:
where u γ is the orbital velocity of the electron in the γ-shell and ∆u γ denotes the energy gain by the electron. The values u γ and ∆u γ are obtained from the classical equations
where I γ is the binding energy of the projectile γ-shell. The function U(R) denotes the field of a neutral atom at a distance R from its nucleus and is calculated as a sum of three Yukawatype potentials with five fitting parameters A i , α i obtained from the Dirac-Hartree-Fock-Slater calculations [39] :
Here v denotes the velocity of the projectile (the straight-line trajectory approximation is used) and v r is the relative velocity. The impact parameter p is a function of b and r and in spherical coordinates (r, θ, ϕ) has the following dependence in the frame of the moving projectile:
The energy gain ∆u γ in eq. (6) diverges at small impact parameters p and must be renormalized [33] . After normalization of ∆u γ the deposited energy ∆E γ is finally determined depending on the relation between ion velocity v and orbital velocity u γ as
where
The step theta-function θ(x) is defined in a standard way
In order to avoid the thresholds in every point v = u γ due to the discrete behaviour of the θ(x) (i.e. to make the deposited energy ∆E γ (p) a smooth function), the step theta-function is replaced by the right-hand side Fermi-smearing function
The n f (x) becomes the θ(x) when k → ∞. Parameter value k = 3 is taken by default. It is an input parameter and can be changed, if it is needed. Thus,
The constant variable N (γ) eff depends on the mean radius r γ of the projectile shell and on the atomic radius R A of the target atom
. The mean radii R A for neutral atoms are given in [40] . The validity conditions are discussed in [31] .
The function F(y) in eqs. (11) and (12) is a result of using the potential U(R) in the form (7) and is given by
It can also be represented as
where K 1 (y) is the modified Bessel function of the second kind (see [41] , p. 375, eq. 9.6.2, [42] ). Integral (18) does converge for all positive y. It has the following expansion for y close to zero (which can be obtained from ref. [41] , eq. 9.8.7, p. 379 and eq. 9.8.3, p. 378)
. (19) To speed up the calculations it is interpolated by using of clumped cubic splines [43] , p. 97. Once the T (b) energy is determined, the total EL crosssection can be obtained directly as
where b max is (numerically) found from the equation
and I 1 denotes the (first) ionization potential of the projectile. The m-fold EL cross-section σ m (v) can be calculated as
where P m (b) is a probability to ionize m electrons from the projectile.
In the CTMC method the probabilities P m (b) are calculated numerically. To calculate P m (b) in the present approach the Russek-Meli model [44] is used. In this model the P m (b) probabilities are given in a close analytical form as functions of the deposited energy T (b) and the ionization potentials I k of the projectile 
as it follows from the equations (23)- (25) . The variable N ′ here means the number of active electrons considered to be ionized. Actually, N ′ in equations (23), (26) should be equal to the number of projectile electrons N, but due to the rapid convergence of the sum (26) it can be cut off at N ′ ≤ N value. Using the deposited energies T (b) calculated in the DE-POSIT code and the ionization potentials I k of the projectile ion, the m-fold EL cross sections σ m (v) can be calculated straightforwardly by applying equation (22) .
Numerical procedure
From the numerical point of view the challenge for the evaluation of the deposited energy (1) is a three-dimensional integral over the projectile-ion coordinate space. For a given γ-shell it can be written in general form as
For simplicity, γ-notation is skipped in the right-hand side of the integral. Parameter b is fixed, and functions R(r) and F(b, r, x, ϕ) are smooth, real and do not have any singularities. Function F(b, r, x, ϕ) is nothing but ∆E γ (p) given by the expressions (11) and (12), and the radial function R(r) has a Slater-type behaviour and represents the electron-density contribution (2)
Here C 1 is a normalization factor from the equation (2), N 1 is the number of electrons in given γ-shell.
In the expression (27) all three integrals over the variables r, x and ϕ have a constant upper and lower limits. It means that each can be split out and considered separately like one-dimensional integral with a given set of fixed parameters, namely
Integration over the angles
In the integral (29) the dependency on ϕ is expressed only by cos 2 ϕ as it follows from the equation (9) . Due to the symmetry of the cos 2 ϕ function, implementation of the Simpson's rule [45] , [46] to the integral (29) can be done in the following way
where N c must be even and f (cos 2 ϕ) = F(b, r, x, ϕ). Discrepancy estimation for eq. (32) is given in ref. [46] .
Integral (30) can be done by the following rule
with an error estimation given in ref. [46] . Here, P (1, 1) n (x) is a Yacobi polynomial, x k is the k-th root of the polynomial P F brx (b, r, x) . For the choice of the n = 53 numeric error is equal to λ·10 −15 , where numeric factor λ depends on a given system, i.e. the function F brx (b, r, x) .
To speed up the computing procedure based on formulas (34), (35) preliminary calculations of the Yacobi polynomial roots x k and coefficients A k have been done. These two data sets have been directly built in the present code.
Integration over the radius
Due to the Slater-type behaviour of the radial function (28), integrand R(r)F br (b, r) decreases exponentially. The main contribution to the integral (31) function R(r)F br (b, r) makes in the range [0, r max ]. The infinity limit can be cut off in the r max point. The value of r max is an input parameter, which is ordinary taken approximately equal to 100, depending on the projectile ion size. Input parameters are described in Section 5.
To do integral (31) the logarithmic grid with an input parameter N grid is used
and a Newton-Cotes quadrature formula for the seven-points interval
) + 27 f (x i+ 2 6 )+ 272 f (x i+ 3 6 ) + 27 f (x i+ 4 6 ) + 216 f (x i+ 5 6 ) 
The total cross-section calculations
The total-cross section σ tot is calculated from equation (20), where the b max parameter is taken as a numerical solution of equation (21) . Function T (b) monotonically decreases with increasing of parameter b near the b max point (a typical example of T (b) behaviour is given in Figure 1 ).
To solve equation (21) 
is satisfied, where i is the number of iteration. Then the quadratic interpolation procedure is used to find the local minimum of the (T (b) − I 1 ) 2 function near the b max value using three abscissa points
where b 0 = (b
2 )/2, i 0 is the final bisection step controlled by the condition (39) . Once the b max parameter is determined, the σ tot value is calculated by applying the equation (20) .
The m-fold cross-section calculations
The m-fold cross sections σ m are calculated by formula (22) , where the integration is done from 0 up to b max . To do integral (22) one, first of all, needs to calculate T (b) values in every point of the integration grid as it follows from equations (23) and (25) .
The grid is taken with a fixed step h ≤ 0.01 on the [0, b max ] range. The number of points
and the grid points are
The integer part of a in equation (41) is labeled as {a}, and the integer division operation is noted as div.
The Simpson rule
is applied to do integration (22) on grid (42) . The probabilities P m (b) are implemented in correspondence to equations (23) - (25) with the following boundary conditions
where ǫ 0 = 10 −12 and M ∞ = 10 20 , N ′ is a cutoff value for the sum (26) .
To avoid divergence in the numeric calculations of factorials and powers of 2, π and x in equations (23) and (24) the following approach to P m (b) calculation have been implemented 
Summation in the first sum of equation (51) over k 1 is done for all even positive k 1 ≤ 3m − 2, if m is even, and for all odd positive k 1 , if m is odd, as well as summation over even/odd positive k 2 for even/odd i in the second sum of equation (51) correspondingly.
Integral (22) 
Parallelization
Integral (1) representing the deposited energy T (b) after all implementation steps is finally reduced to the summation rule (38) . It can be broken down into the N core subsumes where N core is the number of MPI (Message Passing Interface) threads (cores). For parallel version of the present code the OpenMPI library is used [47] .
In the parallel version integration in (38) for a given q-th core, 0 ≤ q < N core , is done by the rule
The integer part of a is labeled as {a}. After the partial summations (55) on every core the final result
is collected by calling the Allreduce MPI function. As one can see the parallelization having done in the way (55) does not harm the rule (37) . This remarkable property combines high accuracy with high performance.
Input/output

Input
All input parameters for the program are set up by means of one input text file with the proper keywords. Every keyword can be put in arbitrary place of the input file without a definite compliance of the order. The program is case-sensitive to the keywords. Comments can be added in C/C++ programming language style.
The keywords are: Vi -velocity of the projectile in frame of the neutral atomic target given in atomic units, ZA -atomic charge and RA -effective radius of the atomic target, see equations (11), (12) and (16) . Each of these parameters should be followed by one or several spaces and a real number (the value of the parameter). For example, for the Ba 2+ + O collision at the energy E = 2.5 MeV/u they are Two values A 1 and A 2 for the equation (7) are given after the keyword A exp. Three values α 1 , α 2 , α 3 for the equation (7) are given after the keyword alf exp. First integer value after the keyword shells sets up the number of the ion γ-shells. The number of electrons N γ , the values of the coefficients C 1γ , µ γ , β γ for the density (28) and binding energy I γ must be put in as well. For every γ-shell it is more convenient to set up the five parameters from a new line. Rules for calculation of the C 1γ , µ γ , β γ parameters are given in the references [31] , [38] . The binding energies I γ are put in electronvolts (eV). The values of I γ can be found in [40] , [48] - [52] . The keyword b range gives b min , b max , and ∆b for calculating and plotting T (b). (22)- (26) One important point is that in order to calculate m-fold cross sections one must also calculate the b max value from equation (21) . It is needed to cut off the integration grid in equation (22) . Thus, the Sigma m fold keyword must be given in the text file with the keyword Sigma tot and all their data.
Shells
The remaining parameters should be kept with the default values. Parameter rgrid sets up the r max , N grid and t 0 values for equation (36) . The r max corresponds to the physical infinity for the atomic radial variable. Parameter ksmear fixes the k value in equation (14) and parameter cosN sets up the number of points N c in equations (32)- (33) . Value of the cosN parameter must be only even.
Output
The name of the input file is passed to the program input with the name of the output file via command line when the program starts. The output of the program is sent to console.
> deposit file_name1_inp file_name2_out
The According to the equations (11) and (12) Example of the calculated m-fold cross sections versus collision energies is given in Figure 3. 
Conclusions
A description of the DEPOSIT computer code, based on the energy-deposition model, is presented. This approach gives an agreement with experimental data within a factor of two. Numerical implementation of the model is given as well. The algorithms realized in the program allows one to simulate ionatomic collisions at low and intermediate energies for arbitrary ion-atomic colliding systems. The code is parallelized and can be run in single and parallel modes (on a user PC or supercomputer cluster). The computational speed is proportional to the number of cores. [52] are available only for the m-fold cross sections (open symbols). At energies E < 2 keV/u only one-electron losses occur, that is why total and one-electron loss cross sections are the same in this region.
